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Abstract. In this paper we considered several formally determined problems in two
dimensions. There are no global identifiability results for these problems. However,
we can recover an important feature of these functions, namely their singularities.
More precisely, we prove that one can determine the location and strength of
singularities of an L* compactly supported potential by knowing the associated
scattering amplitude at a fixed energy. Also we prove that one can determine the
location and strength of the singularities of the sound speed of a medium by
making measurements just on the boundary of the medium.

1. Introduction and Statement of the Results

In this paper we consider formally determined inverse problems in two dimensions.
These problems involve determination of the sound speed of a medium by making
measurements at the boundary of the medium or a quantum mechanical potential
by making scattering measurements away from the support of the potential.

For the problems under consideration there are no global identifiability results
available in the case of a general L® potential or sound speed. The results known
are either local ([S-U, Su LII]) or generlc ([Su-U 1]). Kohn and Vogehus ([K V])
proved a global identifiability result in the case that the potential is piecewise
analytic. In this paper we consider the problem of determining the strength and
location of the singularities of the sound speed or the potential from either
boundary measurements or scattering information.

All the results we prove are reduced to prove a similar result for the inverse
problem of determining a bounded, measurable potential from the Dirichlet to
Neumann map associated to the Schrodinger equation at zero energy. We proceed
next to define this map.

* Partially supported by NSF grant DMS-9123742
** Partially supported by NSF grant DMS-9100178
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Let 2 = R? be a bounded domain with smooth boundary. Let g L®(Q).
Assume that 0 is not a Dirichlet eigenvalue of — A + ¢. Then Vfe H}(0Q) there is
a unique solution ue H*(Q) of the Dirichlet problem

(—A+qu=0 inQ, ulg=Ff. 1.1)

The Dirichlet to Neumann map is defined by

@
A f) = 5:‘- » (1.2)

with u solution of (1.1} and v denotes the unit outer normal to Q. The inverse
problem we consider is to determine the injectivity of the map

qv> 4, . (13)

It is known that A is locally injective near g = 0 ([S-U]) or g = constant ([Su I]),
locally injective in an open and dense set of potentials in W1 °(Q) ([Su-U1])
and globally injective on pairs of potentials in an open and dense set in
Wte(Q)x W= (2) ([Su-UI]). In [Su-U II] the authors proved that one can
determine the strength and location of singularities of potentials ¢ having jump
type singularities across a subdomain of Q from A,. In this paper we extend
this result to determining general L™ singularities of potentials from A,. More
precisely:

Theorem A. Let q;€ L*(Q) with O not a Dirichlet eigenvalue of —A4 + q;,i =1, 2.
Assume

A, =4

q; q2

Then B
g1 — 2€CHQ) Vo, 0Za<1.

Here C* denotes the Holder space of order a. We first apply Theorem A to the
inverse scattering problem by a potential at a fixed energy. We describe the
problem below. The scattering amplitude of a potential ge L*(IR?) with compact
support is defined via the outgoing eigenfunctions. Namely, for Ae R — 0, 8, we S*?
there exists ¥, (4, x, w) solution of

(—4+q—22), =0 (1.4)
satisfying

a (4, 0, w)e*!*

— ei/lx~w +
V. Pl

+0(]x] =% (L.5)

with 0 = ﬁ The scattering amplitude, a,(4, 8, ®) measures the effect of the
X

potential g on plane waves of the form ¢**'®. The inverse scattering problem at
a fixed energy A, in two dimensions, is to determine the potential g from the
scattering amplitude a,(A, 6, w) with 1 fixed and with 6, we S*. In this paper we
prove:



Singularities for Formally Determined Inverse Problems 433

Theorem B. Let g, g, € L*(R?) with compact support. If
a,, (4,0, w) = a,(, 0, )
for all 6, weS* for a fixed A, then
g1 — q,€C*(R?) Vo, 0Za<1.

We now apply Theorem A to an inverse problem arising in geophysics: to
determine the sound speed of a medium by making measurements at the boundary.
We formulate more precisely the problem. Let Q be a bounded region with smooth
boundary. We denote by ¢(x)( > 0) the sound speed of the medium © and assume
that ¢(x) = ¢o > Ofor xeIR? — Q. The scattered pressure field generated by a point
source at a point x, € 0Q is given by the outgoing Green’s kernel which satisfies the
outgoing radiation condition and solves

2
c?(x)

The inverse problem is to determine c(x) by measuring %.(x, xo, 4) with x, x, € 0Q2
and A fixed. In this paper we prove:

A%9.(x, X0, A) + 55— %o(x, X0, A) = —06(x — Xo) . (1.6)

Theorem C. Let ¢y, c;e L*(R?), ¢;>0,j =1, 2, ¢1(X) = ca(x) = ¢ > 0 for xe
R2 — Q, where cq is a constant. If

gcl(x, X05 /l) = gcz(x: Xo, )“)
for x,xq€0Q and A fixed. Then
¢, —ceC*R?), Va, 0L <1,

The proof of Theorem A uses the special solutions constructed in [S-U].
Namely, there are solutions of

(=4 +qu=0 inR2
(by extending g = 0 in R? — Q) of the form
u=e*(1+ w(x,{)) 1.7

with {eC% {-{ =0 and y decaying at o for |{| > K (see Proposition 2.1 for
a more precise statement).

Then we can define the function T, considered by Beals and Coifman ([B-C])
and Ablowitz and Nachman ([N-A]) in the 0 approach to inverse scattering.

T)(k) = Px(k) gfl e™q(x)(1 + o(x, {))dx,

where
1 . 0 1 .
C=§(1k+Jk), k= (ky,k;)eR?, J=<_1 0), i=./—1,
and
_J1 for |kl zK
CD"(k)_{o for k| <K .
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The main point is the following result (see Theorem 3.1).
Theorem D. Let ge L*(R?), suppq < Q. Then
q—F 'T,eC¥Q) Vo, 0Za<l,
where & denotes the Fourier transform.
Theorem A then follows from Theorem D and the fact that

Theorem E, ([Su-U I1]) Let g;e L®(Q) as in Theorem A. Extend ¢; = 0 on R? — Q.
Then

Aq

Alh 2
implies that
7;1 = 7;2 ‘

Theorem D suggests a reconstruction method to determine the location and the
singularities of g from A,: Using the methods of Nachman ({N]), one can recon-
struct T, from A, and by Theorem D, the singularities of g.

In Sect. 2 we develop the preliminaries. In Sect. 3 we prove Theorem A. In
Sect. 4 we reduce the proofs of Theorem B and C to Theorem A. We also state in
Sect. 4 extensions of the results to other classes of L? potentials.

2. Preliminaries

In what follows we use the following notation:
L§ ={feL"suppf< Q},
P
L= {1 +|x*)* fe LA(R?)} .
Proposition 2.1. ([S-U]) Let (e@? with {-{=0. Let p>1, delR with
2
—1<é6—-1+ ; <0. Let qeLy. Then there exists a constant K =

K(2,p,6, gl L=(r»)) such that for [{|> K, there exists a unmique solution of
(=4 + q)u = 0 in IR? of the form
u(x,{) = e*’{(1 + o(x,{)) 2.1)
with
we LER?) .

Furthermore, there exists a constant C = C(£, p, d, || q|l L=(r2)) such that

C
| I Lmey = m . 2.2)

If we choose

1
(=50 + Tk, k= (ks k) R?, J=<_(1) (1)> i= /1,

then a straightforward computation shows that

0(0 + (ky + ik, ))oo — qw = ¢q , (2.3)
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where

The above proposition follows directly from the lemma below.
We shall write ¥ (x, k) instead of y/(x,{) from now on.
Lemma 2.2. ([S-U]) Let qeLg, feL?, (R?), p>1, éecR with —1<5—1
+ g < 0. Then there exists a constant K = k(£, p, 9, | q|l1=r?) such that for
|k|p> K there exists a unique function w(x, k)e LY(IR?) satisfying
00+ k, +ik)w —qo=f inR2. (2.4)
Moreover,

”w ”Lg(]kz) é m l|f||L,32+1(IRZ) s

where C = C(9, p, || q |l L=(r?)) is a constant.

The proof of Lemma 2.2 can be done by using an iteration procedure and
reducing it to a special case g = 0 in (2.4). We write

0= i ; (2.5)
j=0
{0:(6 + (ky + iky))wo = f (2.6)
9(0 + (ky + ik1))wjey = quj, j21.
Assuming Lemma 2.2 holds when g = 0, one sees immediately that
2 j+1
o0y < <1’%~‘R—’) 1y ey J20, @)

which shows that Y w; converges in L5(IR?) for large |k|.
The equation (2.4) with ¢ = 0 can be reduced to 0 equations. A direct computa-
tion shows that

a+e **p
= 2.
ks + ik, 28)
solves (2.4) with ¢ = 0 if @ and b solve the following 0 equations:
da=f
{6b = —e**gq’ @9)

The following result shows that the equation du = f is unique solvable in the
space LE(IR?). In what follows we denote by 8! the inverse of 0 in LZ(IR?). The
reference for the next results is the paper by Nirenberg and Walker ([N-W]).

2
Proposition 2.3. Let p>1,6eR with —1 <§ — 14+ =< 0. Then
p

= 1
@ =1 1 e

L= (2.10)
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defines a bounded operator from L}, to LEZ. Moreover, the following pointwise
estimate holds:

57 @) = Cllzl + )33 f .. - 2.11)
If, in addition, fe Lg, then
107 @ = CUzl + 1) 1 Nl s » (2.12)
where z = X1 + ix,.
The next result gives properties of the singular integral operator 69~ 1.
Proposition 2.4. Let p> 1,0eR, with —1<d—1+ % < 0. Then
- 1 f(&)
80" f(z)= —=pwv. d 2.13
@)= =gy [l (213
defines a bounded operator from L%, | to LS, ,. If, in addition, fe L§, then
108 | poge) £ € f Mg € = C(p) - (2.14)
Also, the following pointwise estimate holds for large |z|:
- C
00! L — o . 2.15
| f(z)l_(1+|z|)2 1L (2.15)

One sees that Propositions 2.3 and 2.4 give unique solutions a and b in L in
(2.9).
We now turn to the 7, function. Given ge L§, we define

T,(k) = ®x(k) | e q(x)(1 + o(x, k))dx , (2.16)
Q

where w is the unique L solution to (2.3) and
1 |k|>K

"O={o 2k
with K as in Lemma 2.2.

The function 7, is the two dimensional analogue of the scattering transform
considered in the ¢ approach to the inverse scattering problem by Beals and
Coifman [B-C] and Ablowitz and Nachman [N-A]. An important fact about T, is
that knowledge of 4, or the scattering amplitude at the fixed energy determines T
uniquely as a function of k [Su-U II]. Thus, the question of determining the
discontinuities of g from A, or from the scattering amplitude at a fixed energy is
reduced to determining the discontinuities of g from T.

3. Proof of Theorem A

The proof of Theorem A is reduced to the proof of the following
Theorem 3.1. Let ge Ly and let T, be the function defined in (2.16), then
g—F 'TlpeC*Q), 0<5a<l, (3.1

where &~ denotes the inverse Fourier transform.
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Using the expansion (2.5) we may write T, as
T,=®Fq+ Y TY, (3.2)
j=0

where T{,0 < j < oo are function of k given by
TP(k) = x(k) | e™q(x)w;(x, k)dx , (3.3)
2

where w; is given by (2.6) with f = q. .
Applying the estimate (2.7) to (3.3) yields an estimate for T,
j+1

TP 5 &

l—lef, 0<j<ow, (3.4)
where C = C(£, |q || L=(r?)), which implies that
FITPeHI*(R?), Ve>0. (3.5)

This result is sufficient to conclude that

(3 )
j=2
However, for T® and TV, (3.5) is too weak. We shall show that # ' T and
F~1TY are actually in the C* class with 0 < o« < 1.

Proposition 3.2. # 1T\, and F 1 TP\ belongs to C*(R?) for any o with
0fa<1.

)ecl-E(é) Ve>0.
Q

Using (3.5) together with Proposition 3.2 we can prove Theorem 3.1.
Proof of Theorem 3.1. We have

q—F 'Ti=q—F ‘o Fq+

J
—F (P —1)Fq+F T+ F71TY

FTY

irge

0
+ Y FITY.
j=2

Since @k — 1 is supported in {|k| < K}, F Y(Pg — 1)FqeC~(R?). Using
Sobolev’s embedding theorem we obtain # ' T’ j = 2 and thus }'72, # 1Ty
belongs to C* ~¢(IR?) for any & with 0 < & £ 1. Therefore, Theorem 3.1 follows from
Proposition 3.2. (]

The rest of this section is devoted to the proof of Proposition 3.2. A direct
computation based on (2.6)—(2.9) yields the explicit formulas for w, and w, given
below:

wo = (ky + iky) 1[0 g — e” ™37} (™00 )], (3.6)

wy = (ky + ik;)"2[07 (g0 q) — 0 *(qe” 0™ (™00 " q))]
— (ky + iky)"2e ™0 [e™* 001 (g0 1 q)]
— (ky + iky) 2e ¥ [P 00 L (ge P *0"1(e™* 00 1 q))].  (B.7)
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Since w, and w, are defined for all k except k = 0, we may drop the function &
in (3.3) with j = 0 and define

TO = | e™g(x)wo(x, k)dx .
Q
One secs immediately that # ' T® — 1T is a C* function. Therefore, we
need only to show
FTY, FITOeCHR?), VYo, 0Za<l1. (3.8)

In the rest of this section we prove (3.8). In what follows, we denote
z =Xy +ix;,zeC, £ = (x;, x,)eIR% We divide the rest of this section into two
parts. In the first part we prove (3.8) with j = 0 and in the second part we treat the
case j = 1.

Part I. Proof of (3.8) with j = 0. We first prove a lemma.

Lemma 3.3. There exists a constant C such that
1 C = — _
FITP(z)=-+[g07'q— (957 "9)07q], (3.9)

where * denotes convolution in IR2.
Proof. From (3.6) we deduce that

r—lf;0)=g;—1[ 1 : eikiqg—lqujl

kz + lkl Q
1
aZ —1 1¢ ,ikZ .10
+ F |:k2+zk1£qa (230~ q)dz] (3.10)
Clearly,
F! L e**q0™1qdz =—C—*(q6__1q) (3.11)
ky + iky z ' '

By (2.10), we have
e (80" 1q)(é)
&—

Since 80~ *qe LP(IR?) for any p > 1 (one can see this by using (2.14) and (2.15)),
it follows that,

{qo™(e™ 00 *q)dz = — % [ aq(z) f dédz .
Q a

Jla@ | b q)(@)dédz (.12)
is finite. Thus, by Fubini’s theorem,
J a0 (eH00™ a)ds = = ] (60" q() | o dsd

= - [ @ q(en @ a)(&)de

—~F (00 'q)0 " 'q). (3.13)
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Therefore,

1 _
g1 az a -1 a~1
7 [k2+ik1/( 09 q]

—c%*((aa‘—lq)a-lq) ) (3.14)

1 o
~1 a*-l ik2 a—l
. [kz ¥ ik, !zq (e™0 q)dz]

Combining (3.11) and (3.14) with (3.10) we get (3.9). O
Using (2.11) and (2.14) we have that 0~ !q is bounded and thus
g0 'q— (00" 'q)0"'qe L (R?), Vp>1.

Combining this with the next lemma we get the desired result.

1
Lemma 3.4. Let poelR, 2 < po < . Let fe LP(R?)Vp, 1 < p < po. Then ;*f(z)e
2
C*R) fora=1——,
Do

Proof. Using Hoélder’s inequality and the hypothesis one shows easily that the
function

F(z) = 2+f() = 1 @dé

is well defined for each z. Consider

F(z+h)—F(z)= — | () de .

r2(z+h =8z -9
Let 8 be a positive number in (0, 1). Using Hoélder’s inequality we get

1

dé
|F(z+h)—F(z)|§|hl(n£2|z_§+h11+a|z_é|1+a) l|fIIL,,(,R2 .

Now

I < - [
R2|Z—f+h|l+6|2—f|1+6 ]Rzlé_h|1+é|€l1+6

__ b o 1 2)
_|6|1+& |éi1+5_g: <<g;<|éll+a>>

_ VY 1\ 1
e 1((%1”) >=C" 1<|¢|2-25)‘C|h|”‘

Then it follows that

Fz+h) = F@I S CIA g g BT
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2

. 1
This shows that FeC' (R?), 0 < d < 1. Now, let

1 26 2
= h —_—— = _— i h .
L ence 1 143 1 e concluding the proof.

Part 11. Proof of (3.8) with j = 1. Using (3.7), we get
g—lT(1)=L1—L2—L3_L4,

1)
= po > 2, then

0

where L; is the function of k given below, j =1, 2,3, 4.

Li=F Y (ky + k) 2® | e"‘fqg'l(qa__lq)dx} , (3.16)
Q

Ly=F 1 (ky + iky) 20k | e”‘fqé__1(qe‘"‘§q6’l(e"‘faé"q))dx] , (3.17)
Q

-

Ly=F 1 (ky + iky) 20k | qa'l(e"‘iag_l(qﬁ_‘lq))dle , (3.18)
)

Li=F Y (ky +iky) 20k | qa_l(e"‘faa__1(qe'“‘56'1(e"‘566_'_1q)))dx:| ,
B ? (3.19)
We shall first show that
LieH*(R?*), j=1,2,3. (3.20)

This implies by Sobolev’s embedding theorem our result. Since ®x(k) =0 for
k| < K, it follows that (3.20) is a consequence of the following three results:

L(k) = | e*q6~1(q0 'q)dxe L*(R?), (3.21)
Q

L(k)=(e*qd ' (ge” 3~ (™00 1 q))dxe L*(R?), (3.22)
Q

L(k) = [ g0~ (™ a5~ 1(qd ' q))dx e LA(R?) . (3.23)
2
Since g6~ 'q and 0~ (¢0~ ' q) are bounded function according to (2.12), one can
use the same method as the one given in Part I to show that
F UL —B)=q0 "(g0"'q) + [0 (g0~ 'q)]10" (g0 *q)e L*(R?).

Thus we need only to prove (3.22).
We have

1 o — ikt . 06_—1
L == [ e™q(c) e "q(1) { e;ky,( _ (1)_(’7)

dndtdz .
—Z P2 n—1

By making the change of variables in #: 1 -5 — z + 1, we get
eikﬁ(aa__lﬂ(ﬂ +1— Z)
N—z

1 q(z)
L= — !2 q(z) ifz — “L dndrdz .
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Using Propositions 2.3 and 2.4 one checks easily that we can use Fubini’s theorem
to exchange the order of integrations in L. Therefore,

12 =—!5 § eik,-,[j‘ q(Z) j‘ q(T) (aa lq)(n 4+ 17— Z)drdzildrl (324)

T R2 on—zat

Using (2.14) and Hélder’s inequality we have

1 1
q
Zf)q( A0 (35-1g)(n + 7 2)de| < (é "(T) > (jwa— q|‘1(11+r—z)dr>
1
7 \P _
<(§| 2 & ) vor . 629

1 1 . . . .
where 1 < p <2, and ;+ p = 1. It is easy to see that the right side of (3.25) is

uniformly bounded in z and # which implies that # ~'L € LZ.(IR?). To show that
ZF ~'LeL?(R?) and thus I, e L*(IR?), we use (2.15). Since 7, ze Q, it follows from
(2.15) that for || large,

j q(” (06 q)(n + 1 — 2)de| <

=in?
for some constant C > 0. Therefore,

eln—z
for large |n|, concluding that # ~ 'L e L?(IR?).
We now prove that I, e C*(R?),0 < o < 1. Write

L =F (ks + iky) 2 0xP), (3.26)

1 C
TS
Il =i

where

P(k) = j g0~ " (™00 ' (ge™ ™07 (e™00 1 q)))dz

'kf

=- j q(z) | - 907 (ge~ ™9™ 1(e™ 051 q)) (v)drdz .

R2T —Z

Since 0~ '(ge”* 91 (™30 1q))e L? for p > 1, we can use Fubini’s theorem to
exchange dz and dr. Hence,

dzdz

P(k) — _%]{L eikiaa_—l(qe—ikia—l(eikr'aa_—lq)) (T)ngq(z)_

—Z

— [ ™97 q)(1)007 (qe™* 0" (™00 g))(t)dr . (327)
]Rz

Since 00! is a singular integral operator, we cannot use Fubini’s theorem. We will
change variables and integrate by parts.
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Using integration by parts, we can write

P(k)= J‘ eiqu(,c)a_—1(qe—ikfa—1(eikfag—1q))dt
RZ

+(k2+ik1) J‘ eiki(a—lq)a_—l(qe—ikia—l(eikfag—lq))d,c
RZ

= Hl + (kz + lkl)Hz . (328)
We can perform integration by parts here because the second integral in (3.27)
and the two integrals in (3.28) converge in L!(IR2). Also, (0 'q)(tr) and

_ . L= 1
(0" (qe" ™01 (™90~ 1 q)))(1) behave like T as |t tends to co. (See Proposi-
tions 2.3 and 24.)

Substituting (3.28) into (3.26) yields

L=F Y(ky +iky) 2 DgIly) + F 1 ((ky + iky) ™ DgIT5)
= N1 + Nz .

(3.29)
We shall prove N; e C3(IR?),0 < a < 1 by showing that

I, e L?(R?). (3.30)
Using Fubini’s theorem, and the change of variables ins: s > s — 7 + #, we get

i, = % j e (1) f e—ikﬁ@ j eiks—((aa“lqz(s)
Q Q n -7

R? N

> dxdndt

[ | q(n) | e®30 " 'g(s —t +1n)
| -

dsdndr
ol — TRr2

n §—1
1 . §1 —
=L owp a0 (a0 A mT ) )y (3.31)
R? 0S—1TQ n—1

By making the change of variables # + s — 1 — #, we get

a

1, =97_izj _q(T)_j(I(’?—S+T)(53__1‘1)('7)d e |
| T os—1Q n—=s

Now applying Fubini’s theorem we obtain

- _ B _
1 (00 q)(n)jq(r)q(_n _S+ r)dtd

| TRz H—S @ s§—1 _
Therefore, it suffices to show

leg'_

(00 'q)(n) . q(v)a(n — s + 1)
RZ N—S g §—1T
Since, by (2.12),

drdne L*(R?) . (3.32)

§—7T

q(t)q(n — s + 1) 2
e < o
s =Tl s
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and thus, by Propositions (2.3) and (2.4) we conclude

C
If_l(nl)(sﬂ_(l +|S|)(1+|S|)1+5 ”qHLm”aa q”LP (]R2

C
EW“‘N\LM

2 . . . . .
where p>2, —1<6—1+ E < 0. This estimate gives (3.32). Finally, since
N, — F Y(ky + iky) 1 I1,)eC™, we need only to consider

F M (ky + iky) "M I,) = C(%*(y—lnz)(5)> .

By virtue of Lemma 3.4, we need only to show & ~!IT1,e LP(R?) for any p > 1.
As in (3.31), we get

(F 1 IL)(s) =

%éz(ﬁﬁ‘ )(n)y(a‘ Q) (t)q(n — s+r)drdn‘

H—S g 5—1

By making the change of variables t + n — s — 7, we obtain

g-;—l(Hz)(S)_iz j‘ (66 ! )(’1) Q(T)(a 1 )(T_+S—'1)drd

n.
R? - Q N—1
By (2.12)
et + 5 — CI”

AT D s =)y | NWig ooy e s —

Q n—rt 1+| IrsQ
Clql3. Clql?.
2 < Q

T4+ s =) T L+s|
Thus, by (2.11)

C -
O Gy ayrs 9120 0o

2
where —1 <d§—1 +?<O, p' > 2. Then we can set § =0. Thus & ~1(I1,)
e L?(R?), Vp > 1, concluding the result. O

4. Proofs of Theorems B and C and Remarks

This reduction of Theorems B and C to Theorem A is well known in the case n > 2
([N, St]). The same method of proof applies in the 2 dimensional case. We indicate
the main steps here for the purpose of completeness.

Assume suppg; = B(0, R) with R>0. Here B(0,R)={xeR? |x| <R}.
We may choose R so that zero is not a Dirichlet eigenvalue for 4 —g;,j =1, 2.
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The outgoing Green’s kernel for —A4 + g has the asymptotic expansion for
large |x|:
eillxl

Gylx, x0, 4) = I’D Vol xo0, —0) + 0(1x| 7)

with 6 =li_| and ¥, the outgoing eigenfunction. This can be seen by using
the large |x| asymptotics of the free outgoing Green’s kernel (associated to
the potential zero) which is given by the Hankel function (see for example

[A-S]):
i

Go(x, X0, A) = 4

HG(|x — xo|4)

and writing an integral equation for the outgoing Green’s kernel in terms of the free
one (see [St] in the 3 dimensional case).
Now if a,,(4, 0, w) = a,,(4, 8, @) for a fixed 4 then,

Gy, (%, X0, 4) = Goy(%, X0, 4) = 0(1x| ~Hxo] 73
and
(4x = 22)(Gg,(x, X0, 4) — Gy, (%, X0, ) = 0, |x|,[x0| Z R .
Therefore by Rellich’s Lemma we conclude
G, (%, %0, 4) = G (X, X0, 4), |x],|x0] Z R . 4.1
Define the single layer potential

Sq,-,lf(x) = j Gq,-(xa X0, j')f(xo)dsxo .

dB(0,R)
Then (4.1) implies that
Sa2 =844+
Therefore, by formula (1.40) in [N] (also valid in two dimensions) we get
Ag—sz=Ags2. 4.2)

Now using Theorem A we conclude Theorem B.
The reduction of Theorem C to Theorem A follows along the same lines (see
[N] in the case n > 2). In fact, if we denote

1 1
'=_j'2 DR B '=1727
o < > !
then

/12
G, (x, x0, A) = qu<x, xo,?> .

0
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Thus, by the above arguments, the hypothesis of Theorem C implies

A /'LZ = A AZ .
P ]
(By replacing Q by a large ball we may assume that O is not an eigenvalue for
4+ o j=1,2 0n Q). Theorem C then follows from (4.3) and Theorem A.

We remark that the proof given in Sects. 2 and 3 carries over to the case of L?
potentials. The analog of the exponential growing solutions (2.1) for a L? potential
in dimension two has been constructed by Ikehata [I]. Using these solutions and
Lemma 3.4 one can show the following analog of Theorem A which we state
without proof.

Theorem F. Let q,eLP(Q),2 <p < oo, with 0 not a Dirichlet eigenvalue of
—A4+ q;,i=1,2. Assume
Ay, =4

q1 q2 *

Then
g1 — q2€C! —Z”(g) .

Analog results to Theorems B and C can also be stated in a similar fashion.
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